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GCSE Maths — Algebra

Expressions Involving Surds and Algebraic
Fractions

Worksheet
WORKED SOLUTIONS

This worksheet will show you how to work out different types of questions
involving surds and algebraic fractions. Each section contains a worked example,
a question with hints and then questions for you to work through on your own.

This work by PMT Education is licensed under CC BY-NC-ND 4.0
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Section A

Worked Example
Simplify V75a + 8v3 — 9v3a

Step 1: Reduce all surds in the expression to their simplest form.

V75a =V25x3a=v25xV3xa=5x+v3xa=5V3a

The other surds are in their simplest form.

\/ﬁa+8\/§—9\/§a=5\/§a+8\/§—9\/§a

Step 2: Simplify the expression using rules of surds.

Surds with the same value under the root can be added together or subtracted from each
other.

5v3a + 8V3 — 9v3a = 8v3 — 9v3a + 5V3a = 8V3 — 4/3a

Guided Example
Simplify 16v/7 + V252 + 14+/98

Step 1: Reduce all surds in the expression to their simplest form.

16(F = 167
Vas2 = (36x7 = {3t xI7 = 6VF
lL"{W = |L|'qu_xz=

V4 x V49 x 7 = 9842
Step 2: Simplify the expression using rules of surds.

| 647 + 647 + 984z
227 + 49817

—
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Now it’s your turn!
If you get stuck, look back at the worked and guided examples.
1. Simplify the following expressions:
a) V78d + 5vV13 — 1913d
Nong of tuse surds canbe simplified
d{7¢
b) 6vV10p — 9v10 +/40p
N80 = plaxo =pi4 xVi6 = 2pdiD
6pJI0 ~ 916 + 20010
= Bl - 9D
= o (8p-9)
c) V24e —+/18e —V45e ++/5
Jl_L}e = \4x6 ¢ = Z_\/?e
ige = Vixg e = 3J7 <
mﬂ = V9xs5 e = 3J5e
LeV6 - 3eVZ - 3¢VE +/Z
d) v9x ++/36x — 20V/5y + 55y
V0 = 3x
V3bx = (x
3x Yox - 2045 +5yJ5
= qx -l53\/§—
e) V25 —+/50z++/100 + 16v2z + 5
{25 = 5
(505 - V25x2 2 = 5a2V2
V100 = 10
\5;_52\& '|'|LOJ+162 Z 15,
= 10 +N=VzZ
7
O www.pmteducaton Q@@ ) PMTEducation (DO



gPMI

resourcestuition-courses

Section B

Worked Example

Expand the expression (7a + 5v3)(17 + 4V/3)

Step 1: If necessary, simplify any surds inside the brackets.

In this case we cannot simplify further, so we can go to Step 2.

Step 2: Use the FOIL method to expand the brackets.

7ax 17 = 119a

. 7a X +4v/3 = +28+/3a
+5vV3x 17 = 48543
+5v3 X +44/3 = 460

r~=om

Step 3: Collect the expanded terms.

(7a + 5V3)(17 + 4v3) = 119a + 28V3a + 85v3 + 60

Although we do have two constant terms and two algebraic terms, this should not be
simplified further because adding the surd constant to the integer constant will give a less
exact solution.

Guided Example

Expand the expression (6b + 61/125)(18V5 — 10)

Step 1: If necessary, simplify any surds inside the brackets.

bN1ls = ExUzs xV5 = 30Vs

(6b + 3008) (1845 - 10)
Step 2: Use the FOIL method to expand the brackets

F * tbx18¥5 = 103645

O : 6bx-10 = =600

|+ 30Js x18V3 = 30x I€xS = 2700
L: 30VS x -1 =-300V5

Step 3: Collect the expanded terms.
108b{S - 300J5 - 60b +2700

_J
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Now it’s your turn!

If you get stuck, look back at the worked and guided examples.

2. Expand the following expressions:

a) (9¢ +5)(7V3+4)
F: 9 x33 = 63c/3
O: Q¢x4 = 36c
12 5x7(3 3503
L: 5Exy = 10

i

63c V3T +35V3 +36c+120

b) (16 + 11V13)(—8 + 4p)
F:lbx-8= —12%

| - VR x-g=-83\)3

Lo INBx 4p= 443

c) (25-112)(v8+1)
F:25x18 - 25V%
O:25x1 = 124
1 -~ -llz xVg - —nzyg
L. —Uzx1 = -z

1578 -112{] +25-12

d) (39 +V16f)(4V2 —9f) =(3q*‘*f)f‘fﬁ‘qf.)

\ﬁ@f = L|-:§

F:39x 47 = 1563

0 39x-9¢=-35¢

L Agx vz 16pdg

L° 4 x -9 - 3642 15¢J2 16497 -35) ~3442
e) (V100 +5V7x)(3vV7x +5y) = (i +515)(3xﬁ+65)

oo =10

Fo10x 3205 = 30xJF

o lo;csd = 50:]

I B JFx 325 - 10522

L 5x\Z XS\(j = ZSxJﬁ 30xﬁ+)_5x\‘jﬁ 750y 11052%
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Section C

Worked Example

Factorise V45a + 16\/5ab

Step 1: Reduce all surds in the expression to their simplest form.
In this case we can simplify the V/45:
V45 =vY9 x5 =9 xV5=3V5
V45a + 16V5ab = 3V5a + 16V5ab

Step 2: Factorise any common factors out of the expression. Common factors could be numerical
or algebraic (letters).

Initially it looks like we have no common number factors, but as we are dealing with surds
we can actually take out the surd as a common factor.

So, in this case we can factor out \/S and also the 'a’, as both terms contain this too!
V5a(3 + 16b)
Step 3: Expand your answer to check that it is correct. If it is correct, we will obtain the original
expression.

V5a(3 + 16b) = 3v5a + 16V5ab

Answer: v/5a(3 + 16b)

Guided Example

Factorise: 12v/7¢ + V112cd

Step 1: Reduce all surds in the expression to their simplest form.

| - =
(12 b =dllEx 7 = 43 12¢VF +4cdVz

Step 2: Factorise any common factors out of the expression. Common factors could be numerical
or algebraic (letters). -4¢ and {7

hevz (3+4)

Step 3: Expand your answer to check that it is correct. If it is correct, we will obtain the original
expression.

GcV7 (3+d) = 12VF +4dd7
LeJ7 (3+d)

_J
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Now it’s your turn!

If you get stuck, look back at the worked and guided examples.

3. Factorise the following expressions:

a) V52e+3V13e
eV52 =efi3xy = 273
203 + 303 = 5eli3

Se13
b) 12v12st ++/12s
W).=J3x‘-r = 3
sVIz (12e +1)
Lsi3 (12t +1)
c) 44ab + 8V1labc
Vag = Vs = 20
Wb +QV abe  — LT ab is common
200 ( 1+ S %ﬁ-}
d) V180xy + V45x + 8V5xyz
180 = V36x5 = V5
l4s = {9x5 = 35
Gac&\rs'i- 3xJ5 + gxﬁzﬁ xVS & common
xﬁ(én-l-?a'!“&jz)

e) 3V17jk +V68jk + 5vV17jkim + 153j
Veg = Vax7 = Wiz
V153 = Vo7 = aig

337 T LRIF +55kin T +3307 3917 is commn

Jm(3k+lk+5ktm+g
> IV (5K + 5KUm+ 7)
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Section D — Higher Only

Worked Example

7a4b3
3ab

Simplify the expression

Step 1: Cancel constants from the numerator and denominator.

In this case we will divide both the numerator and denominator by 3:

27a*b3 B 9a*h3
3ab ~ ab

Step 2: Cancel any algebra (letter) terms from the numerator and denominator. Use index laws to
work out how the powers will be affected.

In this case will divide both the numerator and denominator by 'a’. This leaves us with:

9a*h3 B 9a3h3
ab b

Then we will divide both the numerator and denominator by 'b’. This leaves us with:

9a3bh3

— = 9a3h?

Answer: 9a3b3

Guided Example

54c8d*
9c2d3

Simplify the expression

Step 1: Cancel constants from the numerator and denominator.
Suctdt <9 6ctd®
U%"d® =9 c*d3

Step 2: Cancel any algebra (letter) terms from the numerator and denominator. Use index laws to
work out how the powers will be affected. g-2

4 o3 ¢ -
6 C dl+ 'E_d (5 g/,'/f d9-3
cl d’J . _Idﬁ C Cl

~C

be'd

_J
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Now it’s your turn!

If you get stuck, look back at the worked and guided examples.

4. Simplify the following expressions:

a) y” =
y 4 =
gx*y = x*
e
X
3 j Gx
31a%b?
b) 4ab 2
a=a
3la*b" - 3“{-5"5’-0,
4ab 4
3lab
l+
42p8q7 = Zp8q?
) 6p°q° = %
P'-‘ 7-5
7pte? Y L.t
P‘?.s +P‘q_s Pq‘
2
fpq"
) 100e*f2g =10 10e*¢%g
10e2f 210 ezf
eu-z
4 2 et % Al
Lef3 "t joe'yy
e*§
IOeifg

) TR 23 ng°k*
7j2k4-l6 =7 \]2 klf LL

AN

¢ 33
\’)‘I.K"' L‘ - H\)ak L
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Section E — Higher Only

Worked Example

x%-25

Simplify the expression 2192120

Step 1: Factorise any quadratic expressions.

x*=25  (x+5)(x—5)
x2+9x+20 (x+5)(x+4)

Step 2: Cancel any factorised terms which appear in the numerator and the denominator.

We can simplify the fraction as both the numerator and denominator contain an (x + 5)

term being multiplied by another term.

We simplify the fraction by dividing by (x + 5) term on the top and bottom, leaving us with:

x*=25  (x+5)(x—=5) (x—5)
x2+9x+20 (x+5)(x+4) (x+4)

. (x=5)
Answer: —(x+4)

Guided Example

x%-64

Simplify the expression (x+2)(x+8)

Step 1: Factorise any quadratic expressions.
x* -cu difperent of two Sguaes

= (- ?BCDQ‘\'%B

Step 2: Cancel any factorised terms which appear in the numerator and the denominator.

RN
(x+D) Cq/*- )

xt+2

_J
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Now it’s your turn!
If you get stuck, look back at the worked and guided examples.

5. Simplify the following:

(x+2)(x+1)
a) x2+45x+6

to ¢
x* +5x+6 spo 5 Lond3

T (x+2)C2+32)
(%92 (e +1) . Ce)
(E2)(x+3) (x+3)

y2+2y-3

) V2+7y+12
yr+ay-3 = (4+330Y -0
Yy tay+ s Cy+ 3)yt4)

(y+RXy-1) - (n-l)
( 3}(3#&) Cyt )
a®-49
a?2+12a+35
a*-49 = (a+7)Ca-7)
a* +12a435 = (a +?)(a +5)

(at/)(a-?) - Ca-%)
(aft3)(a+3) (a+5)

b%2-9b+18

b2-9
b*-9b+18 =(b-6)(b-3)
bt -9 = Cb+3)(b-3)

(b-6X(b7/3) - (b-6)
(b+3)(Y-3 (o+3)

) (z%2-1)(z+3)
(z+1)(z+5)(z—1)
2%-1 = (z2+1) (2-1)

GAFNGAN ) - (2+9)
('i-n c;-n)cus) C2+5)

c)

d)
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Section F — Higher Only

Worked Example

2_64 % 12
6 (x+8)(x+2)

Simplify the expression =

Step 1: Simplify the fractions by factorising expressions and dividing by any common terms.

First, we can simplify x* — 64 (as it is the difference of two squares) into (x + 8)(x — 8).

x% — 64 12 _ (x+8)(x-8) 12
6 S @i®x+2) 6 NCTCED)

Each individual fraction cannot be simplified further, but cross simplification, just like with
normal fractions, can be used. We can cancel the (x + 8) terms by dividing both fractions
by (x + 8).

(x+8)(x—8) 12 _(x—-8) 12
6 G18)x+2) 6 (x+t2)

Lastly, cross simplification can be used to cancel the constant terms of 6 and 12 as they
both have common factors, and so can both be divided by 6.

x-8) 12 _(x—8) 2
6 ‘x+2 1 &+

Step 2: Separately multiply the numerators together and the denominators together.

x-8_ 2 _2(x-8)
1T G+2) @x+2)

Guided Example

5 (x+5)(x+2)
2_25 17

Simplify the expression .

Step 1: Simplify the fractions by factorising expressions and dividing by any common terms.
x*-125 = (x+5)(x-5)

) x (A4S }CI‘HD = 5 x (x+2)

E2x+8)(x-$D 13 (x-5) 17

Step 2: Separately multiply the numerators together and the denominators together.

S (2e+2)
17 (x-5)

_J
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Now it’s your turn!

If you get stuck, look back at the worked and guided examples.

6.

a)

b)

c)

d)

e)

Simplify the following:

(x+3) % 6
3 (x+2)

(x+3) , 2x= = L(xt3)
| x3 Cx+2) Cx42)
8 x _(yaa—r

2(p+2)  (y+8)

x4 x | = 4

Z ) G

7 a’-81
X
(a+9) 14

o’ -8l = Ca+q)(a-1q)

% x (a+9)a-9) . (a-9)
a+q 2x 2 2

b%2-36 11
5(b+6)  (b—6)

b*-36 = (b+6)(b-6)
(breXB-6) 1 -

5 Cb+6€) -6} ~ s

z2-3z-10 _ z*-16
(z+4) 6(z+2)

2" -32-10= (2-5)(2+2)

2* -1t = (2-9)(z+4)
(2-50C17) (2-4)(2 _ (- -
Sen G—\"‘*l = ( 52(2 %)
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Section G

Worked Example
Simplify the expression  + >

Step 1: When dividing two fractions, including algebraic fractions, flip the second fraction and then
multiply them together.
7 x 79

x2 9 x2  x

Step 2: Try to simplify the fractions by factorising any expressions which can be factorised. Divide
out by any common terms to cancel them.

7 9
_X_

This answer cannot be simplified further.

Step 3: Separately multiply the numerators together and the denominators together.

7 9 7x9 63

X—=— = —
x2"x x%?xx «x3

This answer cannot be simplified further.

Guided Example

10x°

Simplify the expression g +

Step 1: When dividing two fractions, including algebraic fractions, flip the second fraction and then
multiply them together.

S5 x 3
od 10!

Step 2: Try to simplify the fractions by factorising any expressions which can be factorised. Divide
out by any common terms to cancel them.  Common d:a@tor o 5

L x3.

< 29

Step 3: Separately multiply the numerators together and the denominators together.

3
2 IID

_J
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Now it’s your turn!

If you get stuck, look back at the worked and guided examples.

d)

e)

Simplify the following:

Rlw

. X
T4

3 x4 =
~  x

13(x-3) . 5
x2-9 " (x+3)
x*-9 = (x+3Yx-3)

@X& = 13

e, 5 5

(z+9) . z%2-9
z243z+42  (z+1)

2*-9= (2-3)(2+3)

2543242 = (241 (2+42)

_ﬁﬂ)_ X Els
(=D (242)  (2-3)(2+3)
= (2+9)
@+)(2* -9)
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Section H — Higher Only

Worked Example

5 4
(x+1) + (x+2)

Write as a single fraction.

Step 1: Work out what the common denominator will be. The common denominator can be found by
multiplying the two denominators together.
The common denominator in this example will be (x + 1)(x + 2).

Step 2: Re-write each fraction with the common denominator.

For each fraction, multiply the numerator and denominator by the same value that is
required to get the denominator in the form of the common denominator (x + 1)(x + 2).

This means we will need to multiply the numerator and denominator of the first fraction by
(x + 2) and we will need to multiply the denominator and numerator of the second fraction
by (x + 1):

5 4  5(x+2) 4(x+1)  5(x+2) +4(x+1)
(x+1)  (x+2)  (+DE+2)  (c+2)(x+1)  (x+1)(x+2)

Step 3: Simplify the numerator by expanding and collecting like terms.

5(x+2) +4(x+1) _ 5x+10+4x+4 _  9x+14
(x+1)(x+2) e+ (x+2)  (x+1)(x+2)

Guided Example

7 3
+

Write (x+3) (x+2)

as a single fraction.

Step 1: Work out what the common denominator will be. The common denominator can be found by
multiplying the two denominators together.

Common donominator = Cx +3)(x+2)

Step 2: Rewrite each fraction over the common denominator.
F(x+2) + 3(x+3)

Cx+3)(x+2)
Step 3: Simplify the numerator by expanding and collecting like terms.
7x +14 + 3%+ 9 = 10 +23
ot = +2) Cx+3)(xt2)

_J
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Now it’s your turn!
If you get stuck, look back at the worked and guided examples.

8. Write the following expressions as single fractions.
Bwtbof]t\\/lj Method

a) common denemincubor: (1D CxTF)
(7D +RCxtD) = 3x+21 +8x +8
(oD x+¥) Cox+1 Cx+3)
= N> +29
Coxt DX +7)

Bmtbe/rfm Meth od
0" nctov:
b) = common denom
% (4D Cyr3)
6Cyra) -9 Cy+2)

- 6\\9+18—qd—18
(gD Cy+3) Cy250y 73)
= -3y
C\'-j'?—?.)(n‘l-%)

Bwtbeﬁ% Method
7 g8~ : .
C) —=+= commewn denemincubor':
@ (a+5)Ca -3

#(a -3+ 8Ca+8)
Ca+syCa - )

= 7a-21+8q +%40
Ca+¢) Ca-23)

15a +19

(a+8)Ca -3)
Bwtberm Method

e ><7 . .
d) =—==<—- commown deneminciboy:
) (b-2)(b+4)
6lut4) - 2Cp-2)
Cob-2) Ch+4)

)

6bt24 —Zh+1y
Co-2) (p+4)

- 38 —b
Co-2D(b+4)

Buut’ooff @ Method

e) /0 common denomincibor:

%}_ = 4%2-20-72 +¢3
CZ-QBCZ.‘{-}) CZ—C{) CZ-_SJ

= 4_ _
_*3 -32
CZ*‘?)CZ\s)
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